In this paper, we study a class of analytical solutions to the 3-D compressible Navier-Stokes equations with density-dependent viscosity coefficients, where the shear viscosity h(ρ) = μ ≥ 0, and the bulk viscosity g(ρ) = ρ β (β > 0). By constructing a class of radial symmetric and self-similar analytical solutions in R N (N ≥ 2) with both the continuous density condition and the stress free condition across the free boundaries separating the fluid from vacuum, we derive that the free boundary expands outward in the radial direction at an algebraic rate in time and we also have shown that such solutions exhibit interesting new information such as the formation of a vacuum at the center of the symmetry as time tends to infinity and explicit regularities, and we have large time decay estimates of the velocity field.
Introduction
The compressible Navier-Stokes equations with density-dependent viscosity coefficients can be written as ⎧ ⎨ ⎩ ∂ t ρ + div(ρU) = ,
where ρ(x, t), U(x, t), and P(ρ) = ρ γ (γ > ) stand for the fluid density, velocity, and pressure, respectively. The strain tensor is showed a local existence result with spherically symmetric initial data between a solid core and a free boundary connected to a surrounding vacuum state.
In [], Guo had discussed the global existence, the Lagrangian structure and large time behavior of weak solutions to the compressible spherically symmetric Navier-Stokes equations (.) with the following stress free boundary conditions: 
On the other hand, there are many references considering the analytical solutions or blowup solutions to the Navier-Stokes equations, Navier-Stokes-Poisson equations, or Euler-Poisson equations (see [-] ). In [], Guo has studied the analytical solutions to the compressible Navier-Stokes equations with density-dependent viscosity coefficients where h(ρ) = ρ θ and g(ρ) = (θ -)ρ θ , N = , and with free boundaries.
In the present paper, we study more precisely the structure and asymptotic behavior of solutions to the free boundary value problem with both the continuous density condition and the stress free condition. Let h(ρ) = μ ≥  and g(ρ) = ρ β (β > ). At first, we construct a self-similar solution of the form
to the continuity equation with special spherically symmetric initial data and given symmetric sphere separating the initial fluids from vacuum, and we derive that a(t), f (z) ∈ C  are two functions satisfying some ordinary differential equations. At the same time, the free boundary is shown to expand outward in the radial direction at an algebraic rate in time and the density decays to zero asymptotically in time almost everywhere away from the symmetry center, which leads to the formation of vacuum states as the time goes to infinity. One of our main steps in the analysis is to show that a(t) and f (z) ∈ C  exist globally, which yields the desired analytical solutions to the free boundary value problem with suitable initial data. The plan of this paper is as follows. In Section  we will give the main results and the self-similar solution to (.). Theorems . and . will be proved in Sections . and ., respectively.
Notations and main results
Then the isentropic compressible NavierStokes system with density-dependent viscosity becomes
for t ∈ (, +∞) and x ∈ R  . Here ρ(x, t), U(x, t), and
). The initial conditions of (.) are imposed thus:
In this paper, we are concerned with the following spherically symmetric solutions. To this end, we denote
This leads to the following system of equations:
with the initial condition
where a  >  is a constant, and we have the free boundary condition
or, when μ = ,
where
It is easy to get the following usual a priori energy estimate for smooth solutions to (.), (.), and the boundary conditions (.) or (.):
Our main result is the following theorem. 
Here a(t) ∈ C  ([, ∞)) is the free boundary satisfying (.) and it exists for all t ≥ . Furthermore, a(t) tends to +∞ as t → +∞ with the following rates:
Remark . The solution (.) constructed in Theorem . satisfies the following properties:
where the domain of the fluid is defined by
On the other hand, for the stress free boundary condition (.), we have the following.
. Then the free boundary value problem for the radial symmetry compressible Navier-Stokes system, (.)-(.), with the stress free condition (.), has a unique solution with the free boundary r = a(t) given by
Remark . It can be verified easily that the solution (.) in Theorem ., satisfies the following properties:
The proofs of the main theorems
First, we will give a self-similar solution to the continuity equation (.).
Lemma . For any two C
Then (ρ, u)(r, t) solves the continuity equation (.), i.e.,
Here, we can choose a(t) as a free boundary which satisfies the condition (.) or (.). So in the following we will determine the form of the function f (x) and then prove the global existence of the free boundary a(t). To this end, denoting z = r a (t) , one can obtain from (.) that
Next, we will solve (.) according to the free boundary conditions (.) or (.), respectively.
The continuous boundary condition
. We require
Using the boundary condition (.) yields f (z) = [
 γ - , and then
Clearly, if a(t) >  is a free boundary satisfying the condition (.), then it is straightforward to check that (ρ, u) defined by (.) is a solution of (.)-(.), where a(t) can be determined by
with a  >  and a  being the initial location and slope of the free boundary. Thus, it remains to solve the boundary value problem (.). We start with estimates on solutions of (.).
Lemma . Let a(t) ∈ C  [, T] be a solution to (.) for T > . Then there exist two uniform positive constants C  and C  > , independent of T, such that
C  ( + t)  (γ -) ≤ a(t) ≤ C  ( + t) β- (β-) . (  .  )
Proof We first verify the fact that a(t) ≥  for all t ∈ [, T]. Note that (.) implies ρ a(t), t = , u(, t) = . (.)
We introduce
Due to a (t) = u(a(t), t) and (.), a direct computation gives
Equations (.) and (.) yield
One has
Thus, substituting the above estimates into (.) and using the Cauchy-Schwarz inequality, one deduces
where one has used
Note also that the conservation of total mass implies that
In the case γ ≥   , (.) yields
and so
and consequently
Thus, as a consequence of (.) and the conservation of mass, we have, for any t > ,
which implies
which yields
As in (.)-(.), one can show that
Next, we derive an upper bound for a(t). It follows from (.), (.) that
This yields (.) and completes the proof of Lemma ..
We are now ready to give the existence and uniqueness of the solution to the boundary value problem (.).
Lemma . There exists a sufficiently small T such that (.) has a solution a(t), which is unique in C  [, T] and satisfied with
Proof The lemma can be proved by a fixed point argument. In fact, set
Then (.) can be rewritten as
Let T  be a positive small constant to be determined. Define
Then, for any a  (t) and a  (t) ∈ X, since β > , we have
is a constant. We now define a mapping on X by
, and, for any t < T  , one can deduce that
and
T will be a contraction mapping if (
The above argument shows that T : X → X is a contraction with the sup-norm for any
By the contraction mapping theorem, there exists a unique a(t) ∈ C  [, T  ] such that Ta(t) = a(t) and then a (t) = g(a(t)), which yields (.). This completes the proof of the lemma. Now, Theorem . follows from Lemma ., the a priori estimates, Lemma ., and the standard continuity argument. This completes the proof of Theorem ..
The stress free boundary condition
First, it follows from the free boundary (.) and from (.) that
Using the ansatz in (.) shows that
Set α = f (), and then (.) tells us that α > . Recall the assumption that β = Here I = ∅ because of  ∈ I. Define z  = inf I and then z  ∈ [, ]. Obviously, the uniqueness of solutions to the system (.) will be shown by proving that z  ≡  and using a continuity argument.
If 
